Does path integral really need a Lagrangian/Hamiltonian? 
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Path integral formulation of quantum mechanics is strongly dependent on a given Lagrangian 
and/or Hamiltonian function. In the paper a simple rearrangement of the path integral to a 
surface functional integral is proposed. It is shown that the surface integral formulation of a 
transition probability amplitude is free of any particular choices and requires just the underlying 
classical equations of motion. A simple example examining functionality of the proposed method is 
considered. 

Dedicated to my friend, colleague and (former) teacher Pavel Bona. 
PACS numbers: 0,3.65. Ca, ll.lO.Ef, .31.15.xk 



I. FEYNMAN QUANTUM MECHANICS 

According to Feynman the probability amplitude of the 
transition of a system from the space-time configuration 
(qoi^o) to {qi,ti) is given as follows: 



A{qi,h\qo,to) (X /[2)7]exp{^ / p.dg'^ - i/dt} . (1) 



Here the path-summation is taken over all trajectories 
7(t) = {q{t),p{t),t) in the extended phase space which 
are constrained as follows: <?(io) = Qo and q{ti) = qi. 
To obtain a proper normalization of the Feynman propa- 
gator, one requires the following two physical conditions. 
The first one asks for the conservation of the total prob- 
ability, i.e. 

J dqi A{qi,ti \ qo,to) A{qi,ti \ qo,to) = 5(50 - qo) ■ 

R."[9l] 

The second condition expresses an obvious fact that no 
evolution happens if ti approaches the initial time tg, 
hence 

lim A{qi,ti\qo,to) ^ S{qi - qn) . 

It is a miraculous consequence (not requirement!) of 
the propagator definition that it satisfies an evolution- 
ary chain rule (Chapman-Kolmogorov equation) 

A{qi,ti\qo,to) ^ J dq A{qi,ti\q,t) A{q,t\qo,to) , 

R'.[g] 

whose infinitesimal version is equivalent to the celebrated 
Schrodinger equation. 



It is a curious thing that Formula |[T| was not originally 
discovered by Feynman. In his pioneering work [l| he 
arrives to a functional integral in the configuration space 
only 

A{qi,h\qo,to) ^ l[Dq]exp{^ f L((Z, t)di} . (2) 
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Later, however, it was shown that this is equivalent to the 
most general prescription ^ in the case of Hamiltonias 
that are quadratic in momenta. Formula |(T]) represents 
the cornerstone for our further discussion. 



II. ONE STEP BEYOND FEYNMAN 

A step beyond consists of the elimination of the Hamil- 
tonian function H from Formula ([l]). The price to be 
paid for this will be replacement of the path summation 
therein by a surface functional integration. 
Our aim is to compute the transition probability ampli- 
tude between (go,io) and (gi,ti). Let us suppose that 
there exists a classical trajectory in the extended phase 
space 7c; (0 = {Qci{t),Pci{t),t) which connects these 
points. Then for any other curve 7(t) = {q{t) , p{t) , t) 
which enters the path summation in Jl]) , we can arbitrar- 
ily assign two auxiliary curves Xq{s) and Ai(s), which live 
in the momentum sector only. They are parameterized 
by s G [0, 1] and specified as follows: 

Ao(s) = {qo, Tr{s), to) where: tt{0) ^ pci{to), tt{1) ^ p{ta), 
Ai(s) = {qi, (j){s), h) where: (l){0) ^ Pci{ti), <j>{l) ^ p{ti). 



Using these auxihary curves in the extended phase space 
one can write: 

J Padq°--Hdt^ j padq''-Hdt+ <j>padq°--Hdt, (3) 
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where 9E = 7 — Ai — 7c/ + Aq is a contour, which contains 
four curves j{t), jci{t), Ao(s), Ai(s). The first integral on 
the right is the classical action Sci{qi,ti \qo,to). While 
the contour integral in ^ can be rearranged to represent 
a surface integral: 

j) Padq''-Hdt = J dpaidq''-^dt) + Fadq''dt^: J n. 

9S S E 

On the right there are components of force field F, whose 
potential energy enters the initial Hamiltonian function 
H. Surface S which spans the contour 5E is understood 
here as a map from the parametric space {t, s) G [to, ti] x 
[0, 1] to the extended phase space, i.e. 

E : {t,s) ^ {q''{t,s),pa{t,s),t{t,s)^t) . 

It is clear that for a given pair of trajectories (7,7c/) 
there exist infinitely many such surfaces. They form a set 
which we call . Since is only boundary dependent 
and Formula ^ is satisfied, we immediately arrive to the 
following expression: 

exp{l/pd,-i7.4^4!l/[2)E]exp{l/4 



Here we denoted by N;^ a cardinality of the underlying 
stringy set 11^. Assuming no topological obstructions 
from the side of the extended phase space, N^y becomes 
an infinite constant independent of 7. Taking all of this 
into account we can rewrite |[T| as follows: 



U E 



(4) 



In the formula above an undetermined multiple normal- 
ization constant N was dropped out and the path integral 
over 7's was converted to the surface functional integral, 
as was promised above: 

J m J [2)E] . . . ^ J [BE] •••-:/ im ■ ■ ■ ■ 

The set li — [J- Ufj over which the functional integration 
is performed contains all extended phase space strings 
which are anchored to the given classical trajectory jci- 
To eliminate Hamiltonian H completely we need to 
express Sc/(gi, ti | go, ^o) in terms of the force field. Such a 
quantity can be introduced for the given classical solution 
7ci(*) = {qci{t),pci{t),t) as follows: 



ti t 
■Pliit) 



2m 

to to 



ds q'^i {s)Fa {qci (s) , Pal (s) , s) } . (5) 



In the presence of the potential generated forces this con- 
verts into the classical action, as desired. Together with 
the propagator formula ^ this completes our One step 
Beyond Feynman's. 



III. ONE MORE STEP BEYOND 

The major advantage of the formulation of the Feyn- 
man propagator in terms of the surface functional inte- 
gral rests in its exphcit dependence on the force field. 
The F components of are easily read off from the corre- 
sponding classical equations of motion: 



mq 



- Pa and Pa = Fa 



From the point of view of classical physics the dynamical 
equations seem to be more fundamental than their am- 
biguous Hamiltonian and/or Lagrangian precursors 
Just derived formulas (|4]) and ^ therefore represent a 
new way for a direct quantization of classical systems 
which uses only the underlying dynamical equations of 
motion. There are, of course, some hidden subtleties 
which we pass over in silence, but ah of them can be 
found in fi|. 

It is clear that for the potential generated force F the 
surface functional integral ^ gives nothing new com- 
pared to H]). To show its functionality we need to ana- 
lyze either a non-Lagrangian system [Jl or a dissipative 
one. For the sake of simplicity let us focus on the second 
case. To this end, let us consider a system consisting of 
a free particle with unit mass affected by friction: 

q — —Kq <^ Q = dp{dq — pdt) — npdqdt . 

In this case, the surface functional integral can be worked 
out exphcitly (for details see Q). In the result we arrive 
to the path integral in the configuration space with a 
surprisingly trivial result: 



[BE] exp{^ / ri} cxexpj-^ / (ig 



lid - i^PMci 



)dt} 



ta 



[Dq] exp 1^ j {\q^ - Kpciq)dt^ oc 1 



Thus everything what is really needed is represented by 
the classical action. This quantity can be easily com- 
puted having classical solutions qd and pd within the 
prescribed initial and final endpoints. The comprehen- 
sive result is as fohows: 

edamp I - n{t^ - tg) - e--'<'^-^»'> 2 _ {q^ - qof 



(1 - c-«(*i-*o))2 



fih-to) 



According to (01) the complete probability amplitude is 
given by the following formula: 



A(gi,ti I 90, to) 



1 



TTihf{ti - to) 



expjls^r''}. (6) 



Here we have already employed the normalization condi- 
tions specified in the first paragraph. One can immedi- 
ately verify that in the frictionless limit (k — > 0) the tran- 
sition probability amplitude A{qi,ti \ qo,to) matches the 
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Schrodinger propagator of a single free particle. Quanti- 
zation of dissipative systems has become popular in the 
last few decades. Many phenomenological techniques and 
effective methods have been suggested for struggling with 
this interesting problem. References and [a| provide 
a very basic list of papers which overcame this point. 
Let us stress that our method represents an alternative 
approach compared to |i6|] and possesses several qualita- 
tive advantages. For example, propagator ([6]) is invariant 
with respect to time translations, the same symmetry 
as that presented in the underlying classical dynamics. 
Moreover, it is reasonable to expect that the "dissipative 
quantum evolution" will not remain Markovian. This fact 
is again confirmed, since the probability amplitude under 
consideration does not satisfy the memoryless Chapman- 
Kolmogorov equation mentioned earlier. 



Finally, let us express a belief that the surface func- 
tional method proposed here would be useful and become 
one of many quantization concepts developed within the- 
oretical physics. 
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